We study the long-range quantum correlations in the anisotropic XY-model. By first examining the thermodynamic limit we show that employing the quantum discord as a figure of merit allows one to capture the main features of the model at zero temperature. Further, by considering suitably large site separations we find that these correlations obey a simple scaling behavior for finite temperatures, allowing for efficient estimation of the critical point. We also address ground-state factorization of this model by explicitly considering finite size systems, showing its relation to the energy spectrum and explaining the persistence of the phenomenon at finite temperatures. Finally, we compute the fidelity between finite and infinite systems in order to show that remarkably small system sizes can closely approximate the thermodynamic limit.
I. INTRODUCTION
The study of many-body systems is a very active area of research, motivated by an acute observation by Anderson over forty years ago [1] : more is different. A system made of many bodies is not simply the sum of them, but something more complicated. In other words, we cannot expect that the behavior of a many-body system is understood once the physics of its constituent parts is known. Interactions, no matter how weak, significantly enrich the range of observable phenomena. Due to these interactions many-body systems can appear in different phases each of them with peculiar properties. In the case of quantum systems we have quantum phase transitions (QPTs), which occur at zero temperature where thermal fluctuations are absent. In fact, they are driven by quantum fluctuations, which are fluctuations in the mean value of observables of a system due to the Heisenberg uncertainty principle. Most of the known QPTs are well described in the Ginzburg-Landau picture where the change from one phase to another is accompanied by a symmetry breaking process and the consequent development of a non-zero value for some order parameter.
One of the most striking facts about QPTs is their universality [2] . This means that different systems exhibit the same behavior at the critical (or transition) point, regardless of the microscopic details, e.g. the type of interaction or nature of the system. Therefore, and without loss of generality, we choose here to study exactly solvable spin-models in order to further understand QPTs, and more generally criticality in quantum systems. In this regard, the XY-model holds particular appeal because in addition to a QPT it also possesses another peculiar phenomenon: factorization [3, 4] . Spin systems in an external magnetic field can show a fully factorized state in the ordered phase, i.e. the phase in which spin-spin interactions prevails over the external field and the system is free to self-organize. Early explanations involved the analysis of pairwise entanglement around the factorization field, λ f . These studies showed that across λ f the two spin entanglement undergoes a change from parallel to anti-parallel [5, 7] , being zero exactly at λ f . For this reason ground-state factorization has been referred to as an "entanglement transition". Recently it has been related to a change in the symmetry of the ground state [8, 9] indicating its fundamental importance.
Exploring both criticality and factorization using the tools of quantum information has proven fruitful . While most studies consider only nearest neighbor pairs of spins, exploiting favourable figures of merit allows to access longer ranges [19, 20] , finite temperatures [20, 22] , and finite sizes [8, 22, 24] . Small finite size systems also allow for the study of multipartite correlations [22, [25] [26] [27] , an important topic in itself. Here we show that a general figure of merit for quantum correlations, namely the quantum discord, is a versatile for tool to studying criticality and factorization, particularly in situations where entanglement is either severely constrained or has become identically zero. By studying longrange pairs in the thermodynamic limit we find that the quantum discord captures the main features of criticality and obeys a simple function for critical point estimation at finite temperatures. Furthermore we find that the qualitative features of factorization, both at zero and finite temperature, can be explained by studying small systems and that such systems closely approximate the thermodynamic limit.
The remainder of the paper is organized as follows. In Sec. II we introduce the anisotropic XY-model and tools used throughout the paper. Then, in Sec. III we study pairs of spins in the thermodynamic limit, and show the versatility of longrange correlations for studying criticality at both zero and finite temperature. We address the factorization phenomenon by studying finite size systems in Sec. IV . The fidelity between the finite size states and the exactly solved thermodynamic limit is calculated in Sec. V, and in Sec. VI we conclude.
II. PRELIMINARIES
Let us first introduce the system under study and the mathematical treatment that allows us to calculate the quantities which will be the focus of our discussion in the remainder of arXiv:1309.1052v3 [quant-ph] 4 Dec 2013 the paper. We recall the definitions of the two main figures of merit, namely the entanglement of formation and the quantum discord.
A. The Model
We consider the anisotropic XY-model with periodic boundary conditions and assuming only nearest-neighbor interaction the Hamiltonian is given by
where λ is the spin-spin interaction strength, γ ∈ [0, 1] is the anisotropy parameter, and σ x,y,z are the usual Pauli operators. For the forthcoming discussions one should note that the above Hamiltonian is invariant under parity transformation: [8] . This implies that any non-degenerate eigenstate of the Hamiltonian, and in particular its ground state, is also an eigenstate of the parity operator. A quantity that captures important aspect of the behavior of the model is the so-called two spin reduced density matrix, which is readily obtained in the thermodynamic limit, N → ∞, by expressing it in terms of the two-point correlation functions and the magnetization [28] . For two spins in the chain separated by r sites it is given by
where the two point correlation functions are defined as
The function G r , the magnetization σ z , and ω φ , are given by
and β = 1/T is the inverse temperature.
While the literature about this system is already quite extensive, most studies focus on the QPT at T = 0 by studying nearest-or next-nearest-neighbor correlations [13] [14] [15] [16] [17] and only recently have longer ranges been considered [19, 20] . Here we rigorously assess the differences and advantages arising from studying long-range ground-state and thermal quantum correlations in understanding criticality and factorization. The latter describes the existence of a value for the external field at which the ground state of the system at zero temperature becomes fully factorized. For the Hamiltonian given by Eq. (1), this factorization field is given by
B. Figures of merit for quantum correlations
Our discussion will focus on the differences in the behavior of two figures of merit, the entanglement of formation (EoF) and quantum discord (QD). Due to their construction they share the same entropic definition and, for pure states, they both are equivalent to the von Neumann entropy. Studying the distribution of quantum correlations in multipartite states allows for a relationship connecting bipartite QD and EoF to be established [30] , therefore making them the most natural choices for qualitative and quantitative comparison. This relationship has recently been examined in [29] .
QD can be expressed as the difference between two classically equivalent versions of mutual information, that measure the total correlations within a quantum state [31] [32] [33] . For a two-qubit state ρ AB , the mutual information is
where, S(ρ) = −Tr[ρ log 2 ρ] is the von Neumann entropy of a generic state ρ. One can also define the one-way classical correlations [32] 
where we have introduced 
with the infimum calculated over the set of projectors {Π i } [31, 33] . D → is obtained simply by swapping the roles of A and B. Since the states given by Eq. (2) are symmetric they do not suffer the asymmetry usually associated with the QD and we will simply refer to D as the QD of the state regardless of which subsystem is measured.
EoF is an entanglement monotone that quantifies the minimum number of Bell pairs needed in order to prepare a copy of the state in question [34] . For any two-qubit state the EoF is calculated as
where
is the binary entropy function and C is the concurrence of the state [34] . The latter is an equally valid entanglement measure and can be found in terms of the eigenvalues λ 1 ≥ λ 2,3,4 of the spin-flipped density matrix ρ AB (σ y ⊗ σ y )ρ * AB (σ y ⊗ σ y ) as
III. LONG-RANGE CORRELATIONS IN THE THERMODYNAMIC LIMIT
In this section we describe the behavior of the above figures of merit for quantum correlations in the thermodynamic limit, N → ∞. We will address the cases of the ground state, T → 0, and thermal state, T > 0, separately in order to compare our results with existing literature more easily. It is important to notice that when discussing the ground state we will refer to the thermal ground state of the system.
A. Ground state case (T→0)
In Fig. 1 we show the behavior of the EoF and QD for a fixed value of the anisotropy, γ = 0.5. In panel (a) one can see that the pairwise entanglement decays quickly for increasing separation and for r > 2 it is almost identically zero. As discussed in [13] this can be understood due to the constraints on the sharing of bipartite entanglement, which must scale inversely with N. The finite range of entanglement around the factorization field is analyzed in [6] . In contrast, panel (b) shows that the QD exhibits a much richer behavior, displaying an equally complex behavior for short ranges, while becoming more uniform with increasing r. However, as QD is not constrained in the same manner as entanglement we see that it can maintain quite large non-zero values for any r. While it is well established that for short ranges both figures of merit capture the QPT [13] [14] [15] , it is interesting that only the QD appears to capture the main features of the two phases for all r.
In the ferromagnetic phase, λ > 1, QD is larger than in the paramagnetic phase, λ < 1 and a sharp change at the critical point, λ c = 1, is visible. Indeed the long-range QD embodies the QPT mechanism, as understood in the Gizburg-Landau picture [10] , shown in panel (b): it approaches zero in the paramagnetic phase but it has a finite jump across the critical point as the system enters the ferromagnetic phase.
Recall that the critical behavior of the system is universal, i.e. it does not depend on the microscopic details, in particular on the nature of the short range interaction. This universality is captured quite strikingly by the long-range QD, and together with the scaling behavior of the QD shown in [10, 21] suggests that, while both figures of merit faithfully capture the QPT, QD presents a much clearer behavior. When examining nearest-and next-nearest-neighbors, both QD and EoF exhibit a discontinuity in their derivative with respect to λ as we move across the critical point. Interestingly, the QD maintains the same strong discontinuity regardless of r, shown in Fig. 2 (a) , where we plot the derivative of QD with respect to λ when γ = 0.5 and for a site separation of r = 15. The sudden onset of long-range correlations is one characteristic of a QPT [2] . Only in regions tightly confined around λ = λ c does entanglement allow for such a feature to be witnessed, and here the maximum separation between spins showing a non-zero entanglement scales with γ −1 [14] . However, again due to the constraints on its shareability the actual value of entanglement decreases exponentially with increasing distance, and outside of this tight region around λ = 1 it is zero. In contrast we find this onset of long-range correlations in the QD for all values of anisotropy, shown in Fig. 2 (b) , and all values of r [21] .
B. Thermal case (T>0)
The behavior of critical spin systems at finite temperature has been an active area of research recently [19, 20, 22] . While typically detrimental, considering the effects of finite temperature is extremely important, both when trying to understand the nature of criticality and the limitations of any realistic experimental attempts to witness such phenomena. Strictly speaking, a QPT is defined only at T = 0 and relaxing this constraint means looking for signatures of the critical nature in situations where the characteristic behaviors have been degraded by the mixing of higher energy levels. This usually leads to the critical point becoming a critical region [2, 10] . In Fig. 3 (a) and (c) we show the behavior of the nearestneighbor EoF and QD respectively. One can immediately see that the entanglement decays with increasing T and, more interestingly, that the factorization point spreads out (black area). For QD we see that finite T smooths out and gradually decreases the quantum correlations present between nearest neighbors. These effects can also be seen in the behavior of the derivatives of the EoF [∂E/∂λ panel (b)] and the QD [∂D/∂λ panel (d)]. For both quantities a sharp discontinuity at λ = λ c quickly smooths out for finite temperatures. As has been proposed before, using the behavior of the derivative to estimate the critical point by identifying its extremal points for non-zero T is a reasonable approach [10, 20] , and we refer to this as the estimated thermal critical point (ETCP), λ T c . For nearest-and next-nearest-neighbors the competition between the interaction and thermal effects cause the ETCP to deviate from the critical point for finite T , with the actual deviation varying significantly depending on the separation and correlation measure employed [20] . Long-range correlations are again only captured by the QD and in panels (e) and (f) of Fig. 3 we show the QD and its derivative as a function of λ and T for a site separation of r = 15. Once again one can see a sharp increase in the QD near the critical point and the associated discontinuity in its derivative is smoothed out as we reach higher T . However dealing with long-range correlations has one subtle but crucial aspect in that we now see the behavior become more uniform. The ETCP increasingly shifts away from λ c as T increases which is due to the fact that long-range correlations effectively ignore features that arise due to the short range nature of the interaction and focus on the global properties of the system.
To capture this uniform behavior for λ T c we suggest the ansatz
and in Fig. 4 (a) compare it to the numerically obtained values for different separations r = 5, 10, 15, and 25. For fixed γ = 0.5, the point markers are the ETCPs for various values of T and the lines correspond to a best fit of for the parameters α and ν (see Table I ). We see that the gradient increases significantly as we increase the site separation and for r = 5 the exponent ν is notably different from the ones for larger separations. Such a deviation indicates that the coupling effects of neighboring spins are still present. In Fig. 4 (b) we show that the scaling behavior suggested in Eq. (15) is also valid when varying the anisotropy parameter, γ. As we increase γ the values for the gradient and exponent change more significantly, although a clear trend is still present and larger anisotropy leads to a decrease in the gradient α. Other similar scaling behaviors are discussed in [10, 12] , however the simple dependence of ∂D/∂λ up to large T for long-ranges is quite a remarkable result, indicating another clear advantage of using long-range quantum correlations to study criticality. Returning to the factorization field one can see that for finite T this phenomena disappears. Indeed, for the ground state factorization can be witnessed in a number of ways, in particular, by examining short range (r < 3) entanglement and finding the point when it is zero. Additionally one can calculate the QD and identify when it takes a value independent of r. When one examines thermal cases, these features are lost for T > 0.03 [10] . At this temperature the factorization point starts to spread into a region of separability, as shown by the behavior of nearest neighbor EoF in Fig. 3 (a) , in which one will not find a non-zero constant value of QD independent of r. This indicates that the factorization field requires a more detailed analysis.
IV. UNDERSTANDING THE FACTORIZATION FIELD: FINITE SIZE CONSIDERATIONS
In this section we examine the behavior of finite sized systems at the factorization field, and show that factorization can be understood in terms of an energy level crossing. This approach has been discussed before [4, 8, 9] and here we present some additional observations as well as explicitly considering Fig. 4 .
the implications of this explanation at finite T . As recently explored by some of us, departing from the thermodynamic limit and considering small finite sized systems still allows for the study of the interesting properties of many-body quantum systems [22] . In Fig. 5 we plot the difference between the energies of the ground and first excited state for finite size chains of lengths N = 3, 4 and 5 [35] . One can see that regardless of the system size the model exhibits an energy level crossing at a point exactly coinciding with the factorization field, as highlighted by the white line. For the smallest non-trivial ring, N = 3, this is the only energy level crossing, while for increasing N one finds
crossings for N even (odd) [9] . By examining the ground state of such finite size systems we can now explain why there is constant value of QD for all r at λ f in the thermodynamic limit. At the factorization point the ground state of the system is twofold degenerate and the two states are highly symmetric with opposite parity. Thus the thermal ground state is an equal mixture of these degenerate eigenstates and the reduced M × M density matrices for any choice of M(< N) subsystems are identical [8] . From this it follows straightforwardly that the correlations (EoF or QD) take a constant value regardless of what pair of spins one chooses to look at. However, this is not the case at any of the other energy level crossings when N > 3. The understanding of factorization as related to an energy level crossing also explains why the phenomenon disappears when dealing with suitably large finite T and sheds light on its apparent persistence for small temperatures shown in [10] . Considering the thermal behavior of the correlations for the finite case of N = 5 spins, one finds the same qualitative features of the factorization field as in the thermodynamic limit, i.e. a constant value of QD among all pairs of spins when λ = λ f , which persists for remarkably large values of T (up to ∼ 0.1 for γ = 0.5). Examining the energy spectrum shown in Fig. 5 (d) we see a large gap between the first and second excited energy levels, with the exact difference being dependent on γ. This means that a significant amount of thermal energy is required before the higher order states become occupied. When γ = 0.5, for 0 < T < 0.1 the thermal energy is insufficient to do this and the ground and first excited states are the only ones occupied with their degeneracy point remaining at λ = λ f . However when T is large enough to excite the higher energy levels a separability region appears. This explanation can also be confirmed for small chains by determining the rank of the full thermal density matrix
For N = 5, γ = 0.5 and T < 0.1 the rank is two, confirming that the thermal state is a mixture of the ground and first excited states, and they become equally mixed at λ = λ f . The rank increases when T > 0.13 and higher order states have become occupied. As we increase N the gap between first and second excited energy levels reduces, which is why, in the thermodynamic limit, factorization only exists for relatively small values of T <0.03, as discussed in [10] . For T → 0 the different parities of the ground and first excited state leads to each exhibiting a different type of bipartite entanglement. For λ < λ f it is parallel entanglement, while for λ > λ f it is antiparallel [7] . When λ = λ f and for small N the entanglement of nearest neighbor spin pairs in either of the degenerate ground states is non-zero, but expressing the ground state as a mixture of these degenerate states leads to an overall decrease in the bipartite entanglement shared among the spins. As the states are highly symmetric and due to the constraints on the shareability of entanglement, larger N results in smaller bipartite entanglement in both states, and with the mixing decreasing it further it quickly approaches zero for N 10. Understanding that factorization is due to this energy level crossing also explains succinctly why there is no such phenomena in the extremal case of γ = 1, i.e. the Ising model. In this instance the energy spectrum is always non-degenerate for any arbitrary non-zero magnetic field. Therefore, as there is no energy level crossing, there is no ground state factorization.
The features of the finite-size thermal ground state are clearly seen by examining Figs. 6 and 7. In Fig. 6 (a) and (b) we show the nearest neighbor EoF and QD for the case of N = 5. The sudden changes in the correlations in the ground state correspond to the same parameters as for the energy level crossings and we see the same qualitative behavior for next-nearest-neighbors shown in panels (c) and (d). The small size of the chain means that the short range nature of the interaction is significant among all parties, making identifying signatures of the critical nature of the model difficult to be witnessed by simply examining pairs of spins. However it should be noted that by employing global measures one can capture the critical nature as shown in [22] . . Already for such a small chain we can see more clearly the qualitative features of the model. Interestingly, here the quasi long-range behavior is very similar to the thermodynamic limit, the EoF is almost universally zero while QD shows a sharp change in the vicinity of the critical point, panels (c) and (d).
V. FINITE-SIZE STATE FIDELITY
Finally we address the question of how similar finite sized systems are to the thermodynamic limit by calculating the fidelity between the states arising from both situations as
In Fig. 8 we show the fidelity for all possible bipartite reduced states for N = 10 with the corresponding state arising from the solution in the thermodynamic limit with the same separation between spins in the chain for γ = 0.4 and γ = 0.8. Strikingly one can see that already for this small number of spins the states are almost identical and we find F > 0.995 for all separations and both anisotropies. While such a high fidelity is in part due to the periodic boundary conditions, given the disparity between the system sizes it is still a remarkably large value. In fact, the fidelity only changes in the vicinity of the critical point and for nearest neighbors the effect is extremely small with F > 0.9995. As the separation is increased the effect becomes more pronounced, however a fidelity of F > 0.995 is still maintained. In each panel the position of the factorization point, λ f , is represented by a black square, and at these points we find F > 0.9999 between the two states independent of r. This means that at the factorization point the infinite and finite states are virtually identical. While the small change in the fidelity in the vicinity of the critical point indicates that the QPT is only truly manifest in the thermodynamic limit, strong evidence can nevertheless be found by examining small chains of N = 10. The fact that F > 0.9999 at the factorization point gives further evidence that this phenomena is due to the mixing of highly symmetric energy levels of different parity which is a property independent of particle number. These observations together show that the QPT and ground-state factorization are manifestly different phenomena.
VI. CONCLUSIONS
We have presented an analysis of the long-range thermal quantum correlations in the anisotropic XY-model. Our results indicate that the long-range quantum discord is a versatile tool with which to study criticality. While the nearestneighbor interaction strongly affects the properties at short ranges, at a suitably large site separation global features become more important and the quantum discord allows to faithfully capture the QPT and reflects the qualitative features associated with the QPT mechanism. The advantages of the long-range QD have been shown to not be restricted to zero temperature and we have found that it is possible to estimate the critical point for finite T from a simple function. By considering small finite size systems we have shown the factorization phenomenon in this model can be fully explained in terms of the systems spectrum, and therefore that ground-state factorization and bonafide QPTs are manifestly different phenomena.
